We investigate, in the transverse traceless (TT) gauge, the generation of the relic background of gravitational waves, generated during the early inflationary stage, on the framework of a largescale repulsive gravity model. We calculate the spectrum of the tensor metric fluctuations of an effective 4D Schwarzschild-de-Sitter metric on cosmological scales. This metric is obtained after implementing a planar coordinate transformation on a 5D Ricci-flat metric solution, in the context of a non-compact Kaluza-Klein theory of gravity. We found that the spectrum is nearly scale invariant under certain conditions. One interesting aspect of this model is that it is possible to derive the dynamical field equations for the tensor metric fluctuations, valid not just at cosmological scales, but also at astrophysical scales, from the same theoretical model. The astrophysical and cosmological scales are determined by the gravity-antigravity radius, which is a natural length scale of the model, that indicates when gravity becomes repulsive in nature.
I. INTRODUCTION
One of the greatest challenges of the modern cosmology is to explain the origin of the present day accelerated expansion. In spite of the many proposals, the problem is now still far to be closed. Cosmologists have followed basically two lines of research: the existence of a new exotic component in the content of the universe and gravitation theories alternative to general relativity. In this line of reasoning we have the well-known Λ-CDM model in which the cosmological constant is responsible for the acceleration in the expansion. Unfortunately, this model suffers from the cosmological constant problem and linked to it the cosmic coincidence problem is also a difficulty. Quintessence models have been proposed to explain or alleviate the cosmic coincidence problem: why the value of the dark energy density today is comparable with the present matter energy density [1] [2] [3] . The cosmic coincidence problem itself, motivated the appearance of interacting quintessence models [4] [5] [6] . The k-essence models are also an alternative [7] [8] [9] . None of them are free of difficulties and thus the accelerated expansion of the universe continue being an open problem for theoretical cosmology. In the second line of reasoning we can find IR modifications to general relativity, theories of gravity in more than four dimensions, and general modified theories of gravity [4] . However, some of them suffer from different kinds of instabilities [4] .
The extra dimensional theories have been also a recourse scenario to address the present day accelerated expansion problem. Among others, we can mention for instance the brane-world theories [10] [11] [12] [13] , the M-theory [14, 15] , and non-compact Kaluza-Klein (KK) theories [16] [17] [18] [19] . The induced matter theory is regarded a non-compact KK theory in 5D, since the fifth extra dimension is assumed extended. This theory is mathematically supported by the embedding Campbell-Magaard theorem [20, 21] . The main idea in this theory is that matter in 4D can be geometrically induced from a 5D Ricci-flat metric. Thus, the theory considers a 5D geometrical vacuum defined by (5) R ab = 0, a, b = 0, 1, 2, 3, 4., which are the field equations of the theory. This idea has generated a new kind of cosmological models on which accelerating expansion periods are included. On this setting, has been recently introduced a new cosmological model on which gravity manifests itself as attractive on astrophysical scales and as repulsive on cosmological scales [22] . In this model our the 4D universe is represented by an effective 4D Schwarzschild-de Sitter (SdS) metric. This metric is obtained after the implementation of a planar coordinate transformation on a 5D Ricci-flat SdS static metric, which is a 1-body solution to the Ricci-flat field equations of the theory. The scalar field fluctuations of the inflaton field in an early inflationary universe have been studied in the same physical framework in [23, 24] . In these works, it is obtained that the spectrum of the fluctuations at zeroth order is independent of the scalar field mass on Schwarzschild scales, while that on cosmological scales it exhibits a mass dependence [23, 24] . Our theory is basically an extension of the Λ − CDM model and predicts an equation of state with ω = −1. However it has the virtue that can describe the spectrum on both, cosmological and astrophysical scales. These results indicate that in this new model the fluctuations of the inflaton field during inflation are well described by repulsive gravity on cosmological scales. However, as it is well known, the inflationary mechanics in standard cosmology, also generates a background of gravitational waves [25] . Dark energy cosmological scenarios have been intensivelly studied in the last years [29] . The scenarios there described can explain the generation of gravitational waves on cosmological, but not on astrophysical scales. It is therefore useful and very instructive to study the relic background of gravitational waves generated during inflation on the framework of a large scale repulsive gravity model, since gravitons under such conditions must live imprints on the power spectrum and polarization of the cosmic microwave background radiation (CMBR). Thus, we may have possible ways to test this kind of large scale repulsive gravitational models.
In this letter we study the generation of relic background of cosmological gravitational waves during inflation, derived from a non-compact KK theory of gravity in the context of a repulsive gravity theory. We have organized the letter as follows. The Sect. II is devoted to obtain the 5D perturbed field equations. In Sect. III we study the propagation of the 5D tensor metric fluctuations along the extra coordinate, on cosmological scales. In Sect. IV, we study the 4D dynamics of gravitational waves on cosmological scales, induced from the 5D SdS spacetime and we calculate the 4D spectrum of gravitational waves. Finally in Sect. V, we give some final comments.
II. THE 5D PERTURBED FIELD EQUATIONS
Let us begin considering in the coordinate chart {T, R, θ, φ, ψ}, the 5D Ricci-flat metric [22] 
where
) is a dimensionless metric function, ψ is the spacelike and non-compact fifth extra coordinate 1 . This metric is an extension to 5D spaces of the 4D SdS metric. T is a time-like coordinate, c is denoting the speed of light, R, θ, φ are the usual spherical polar coordinates, ψ 0 is an arbitrary constant with length units and the constant parameter ζ has units of (mass)(length) −1 . The metric (1) is static, however, it can be written on a dynamical coordinate chart {t, r, θ, φ, ψ} by implementing the planar coordinate transformation [26] 
a(t) = e Ht being the scale factor and H the constant Hubble parameter. After doing so, the line element (1) may be expressed in terms of the conformal time τ in the form
where the metric functions F (τ, r) and J(τ, r) are given by
with dτ = a −1 (τ )dt and a(τ ) = −1/(Hτ ), so that the constant Hubble parameter satisfies
Notice that the metric in (3) is no more Ricci-flat. As it was shown in [22] , for certain values of ζ and ψ 0 the metric in (1) has two natural horizons. The inner one is the analogous to the Schwarzschild horizon and the external one is the analogous to the Hubble Horizon. In the metric in (3) these horizons may of course be written in the new dynamical coordinate chart. In order to study tensor metric fluctuations of the metric in (3), in the TT gauge, we use the 5D perturbed line element
where we have written for simplicity the 3D spatially flat line element in cartesian coordinates, Π ij (τ, x, y, z, ψ) is the transverse traceless tensor that describes the tensor metric fluctuations and satisfies: tr(Π ij ) = Π i i = 0 and ∂ i Π ij = 0. Thus, we can write the spatial components of the metric as g ij = −(ψ/ψ 0 ) 2 J(τ, x, y, z, ψ)(δ ij +Π ij ), so that we can consider the linear approximation for the contravariant metric components
Of course this perturbed metric is no Ricci-flat.
The dynamics for the tensor modes is obtained by using the linearized 5D Einstein equations in vacuum: δR ab = 0, that for the case of the perturbed metric (6), become 1 4
where the dot is denoting derivative with respect to the conformal time τ . The main difference with respect to the tensor metric fluctuation analysis usually implemented in general relativity, relies in the fact that the equations (7) and (8) describe the dynamics of the tensor perturbations Π ij (τ, x, y, z, ψ) on both astrophysical and cosmological scales. This feature is proper of the 5D model we are working on. By the time, we will focus only on the dynamics at cosmological scales.
III. PROPAGATION OF THE 5D TENSOR FLUCTUATIONS ALONG THE EXTRA COORDINATE ON COSMOLOGICAL SCALES
On cosmological scales the next condition is satisfied
where r H denotes the value of the radial coordinate at the horizon entry. The perturbed field equations (8) with the condition (7) reduce in this limit case to 1 2
(10) Notice that the left hand side of the equation (7) becomes identically zero on cosmological scales. Using the fact that on this length scales J(τ, r) ≃ a(τ ) 2 and F (τ, r) ≃ a(τ ) 2 , the expression (10) in spherical polar coordinates (r, θ, ϕ) readsΠ
being H(τ ) =ȧ(τ )/a(τ ) the conformal Hubble parameter, ∇ 2 r denoting the Laplacian operator in spherical polar coordinates and where the star (⋆) denotes derivative with respect to ψ. Now, in order to implement the canonical quantization of (11), let us introduce the Fourier expansion
with the asterisk ( * ) denoting complex conjugate, α counting the number of degrees of freedom, and where a are the creation and annihilation operators, respectively, that satisfy the commutator algebra
and where (α) e ij is the polarization tensor that obeys
In this manner, substituting (12) in (11) we obtain
which is the equation that describes the dynamics of the 5D tensor modes ξ kr k ψ (τ, ψ).
We decompose the 5D tensor modes ξ kr k ψ (τ, ψ) into the KK-modes
and the equation (17) reduces to the system
where the parameterm 2 corresponds to the square of the KK-mass measured by a 5D observer. To simplify the structure of (20) we introduce the field transformation: Ωm(ψ) = (ψ 0 /ψ) 4 Pm(ψ), and the equation (20) results to be
After resolve this equation, we obtain
In order to study the stability of the KK-modes, let us rewrite the equation (20) in terms of the conformal spatial fifth coordinate: u = ln(ψ/ψ 0 ). Using the auxiliary field transformation: Ωm(u) = e −(7/2)u Lm(u), we obtain
The stability of the KK-modes depends directly on the stability of the solutions of the equations (19) and (20) . One can see from (23) (19), using the transformation ξm = Θm exp(− Hdτ ), we obtain
It follows from this equation that the modes Θm are stable for
This condition is satisfied form ≪ 1. However, for modes with a bigger massm and k 2 r ≪ 1 the condition (25) is no valid and hence, on very large scales, the modes Θm are unstable.
IV. THE 4D INDUCED DYNAMICS OF GRAVITATIONAL WAVES ON COSMOLOGICAL SCALES
In order to derive the 4D dynamics of the inflationary universe on cosmological scales induced by the 5D field equations (11), let us assume that the 5D spacetime can be foliated by a family of hypersurfaces Σ : ψ = ψ 0 , where our usual 4D universe is represented by a leaf member of the foliation Σ. On every leaf the metric induced by (3) take the form
where the metric functions F (τ, r) and J(τ, r) are now given in terms of the physical mass m = ζψ 0 (introduced by the first time in [22] ) as it is shown in the expressions
which are valid for r > Gm/(2a). The induced metric (26) describes a black hole immersed in an expanding universe, where the expansion is driven by a kind of cosmological constant, whose value depends of the ψ 0 -value, which is related to the Hubble constant through: ψ 0 = c 2 /H, with c denoting the speed of light [22] . The condition that determines cosmological scales (9), can be now expressed in terms of this physical mass m, in the form
so that in this limit the functions:
, become independent of r, and describe an isotropic and asymptotically homogenous expanding universe with a scale factor a(τ ), in agreement with that one expects in a FRW cosmology. In particular, when a(τ ) = −1/(Hτ ), we are dealing with a de Sitter (inflationary expansion) with an equation of state p/ρ = ω = −1. This topic was studied with detail in [24] . The realization of a reheating epoch after inflation from this asymptotic de Sitter metric, with particles and gravitons creation included, was studied in [30] .
As it was shown in [22] , a very interesting aspect of (26) , is the existence of a length scale that separates regions where gravity is attractive (small astrophysical scales), from regions where it behaves as repulsive (cosmological scales). This length scale is known as the gravitational-antigravitational radius, which in the coordinate chart (T, R) is determined by the expression
In the dynamical coordinate chart (τ, r), we have a new gravitational-antigravitational radius r ga given by
It can be easily seen from this expression that r ga is positive when R ga ≥ 2Gm, and due to (29) such a condition can be written as
where we have used
p . It follows from this last condition that the value of the fifth coordinate ψ 0 is restricted by:
In order to derive the 4D field equations induced on Σ by the 5D geometry, now we consider a separable 5D field
Thus, the part of (11) that depends only on the extra coordinate ψ, has the form
λ 0 being a separation constant. The general solution of this equation reads
where B 1 and B 2 are integration constants and, α 1 = (1/2)(−7 + 49 + 4λ 0 ψ 2 0 ), α 2 = (1/2)(−7 − 49 + 4λ 0 ψ 2 0 ). With the help of (32), it follows from (11) that the 4D induced field equations on Σ : ψ = ψ 0 have the form
where σ = (2ψ . It is important to notice that the last term on the left hand side of (35) is a new correction coming from the 5D geometry. If we introduce the auxiliary field w ij defined by h ij (τ, r) = a −1 (τ )w ij (τ, r), the equation (35), yields
To quantizate the field equation (36), we use the 5D Fourier expansion (12) specialized on Σ
whose integration on k ψ yields the 4D expansion
where we have done the formal identifications:
, with the creation and annihilation operators a kr , respectively. These operators satisfy the algebra
and where the same properties for the polarization tensor (α) e ij , given by (15) and (16), hold.
The quantization procedure requires that the modes ξ kr must satisfy the commutation relation
Therefore, with the use of (38), the expression (41) complies with the normalization condition
on the UV-sector. In this manner, if the modes ξ kr satisfy (42), automatically (41) will hold. After inserting (38) in (36), we obtainξ
The general solution for this equation is given by
being the first and second kind Hankel functions with order ν T = [1/(2ψ 0 H)] 33ψ 2 0 H 2 + 4σ. After make the Bunch-Davies normalization [27] , we obtain the normalized solution that satisfies (42) in the UV-sector. It is
Once we have calculated the analytic expression for the quantum tensor modes ξ kr (τ ), we are now in position to obtain the spectrum of gravitational waves induced on our 4D spacetime Σ.
A. The 4D spectrum of gravitational waves
In order to obtain the 4D spectrum of gravitational waves on Super-Hubble (cosmological) scales, let us calculate the amplitude of the 4D tensor metric fluctuations on the IR-sector (−k r τ ≪ 1), which is given by
where ǫ = k IR max /k p ≪ 1 is a dimensionless parameter, being k IR max = k H (τ i ) = 9H 2 −Ḣ + (σ/ψ 2 0 )a 2 = 10 + [σ/(ψ 2 0 H 2 )]τ −1 the wave number related to the Hubble radius at the conformal time τ i , which corresponds to the time when the modes re-enter to the horizon, and k p is the Planckian wave number. During inflation H = 0.5 · 10 −9 M p and thus the values of ǫ range from 10 −5 to 10 −8 , corresponding to the number of e-foldings:
N e = 63 [28] . Considering the asymptotic expansion for the Hankel function H 
Performing the integration in (47) we arrive to
which in terms of the cosmic time t can be written in the form
